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The Batdor f  model i s  mod i f i ed  t o  i n c l u d e  the  r e d u c t i o n  i n  shear due t o  t h e  
e f f e c t  o f  compressive s t r e s s e s  on t h e  c r a c k  face .  Th is  new f o r m u l a t i o n  was 
used t o  o b t a i n  t h e  p r o b a b i l i t y  of f a i l u r e  o f  ceramic components under c o n t a c t  
s t r e s s  c o n d i t i o n s .  The combined e f f e c t  o f  t h e  s u r f a c e  and volume f l a w s  a re  
i n c l u d e d  i n  t h e  a n a l y s i s .  Due t o  t h e  n a t u r e  o f  t h e  f r a c t u r e  o f  b r i t t l e  m a t e r i -  
a l s  under compressive l o a d i n g ,  t h e  component i s  modeled as a s e r i e s  s y s t e m  i n  
o r d e r  to  e s t a b l i s h  bounds on t h e  p r o b a b i l i t y  o f  f a i l u r e .  

INTRODUCTION 

The prob lem o f  f a i l u r e  of two bod ies  i n  c o n t a c t  goes back t o  t h e  p e r i o d  
when r a i l r o a d  wheels, gears,  and bear ings  w e r e  f i r s t  used. The c l a s s i c a l  
d e t e r m i n i s t i c  approach t o  des ign  a g a i n s t  f a i l u r e  i s  w e l l  accepted and w i d e l y  
used fo r  meta l  components. However, because o f  t h e  a t t r a c t i v e  p h y s i c a l  and 
mechanical p r o p e r t i e s  o f  modern ceramics ( l i g h t w e i g h t ,  h igh- tempera ture  
s t r e n g t h ,  and wear r e s i s t a n c e ) ,  ceramic components have i n  r e c e n t  years  been 
cons idered f o r  s t r u c t u r a l  a p p l i c a t i o n s .  A s  i n  t h e  case o f  o t h e r  b r i t t l e  mate- 
r i a l s ,  ceramics e x h i b i t  a l a r g e  v a r i a t i o n  i n  f r a c t u r e  s t r e s s  t h a t  must be taken 
i n t o  account  i n  des ign .  Th is  v a r i a t i o n  i n  s t r e n g t h  r e s u l t s  from t h e  presence 
o f  m ic roscop ic  random i m p e r f e c t i o n s  or f l a w s .  Ceramic components c o n t a i n  two 
types  o f  f l a w s :  volume f l a w s  and s u r f a c e  f l a w s .  Volume f l a w s  a r i s e  from mate- 
r i a l  p rocess ing  w h i l e  s u r f a c e  f l a w s  a r i s e  f r o m  g r i n d i n g  and o t h e r  s u r f a c e  f i n -  
i s h i n g  o p e r a t i o n s .  

Most o f  t h e  p r o b a b i l i s t i c  approaches to  b r i t t l e  f r a c t u r e  a re  f o r m u l a t e d  
for t e n s i l e  f a i l u r e .  However,  ceramic components a re  b e i n g  used under compres- 
s i v e  l o a d i n g ,  as i n  b e a r i n g  a p p l i c a t i o n s .  I n  t h i s  paper ,  t h e  p r o b a b i l i t y  o f  
f a i l u r e  under compressive l o a d i n g  i s  fo rmula ted  based on t h e  B a t d o r f  t e n s i l e  
model. 

REVIEW OF THE BATDORF MODEL 

The f a i l u r e  o f  b r i t t l e  m a t e r i a l s  i s  a t t r i b u t e d  to  t h e  presence o f  mic ro-  
scop ic  f l a w s .  The m a t e r i a l  f a i l s  when t h e  s t r e n g t h  of t h e  weakest f l a w  i s  
exceeded. The weakest l i n k  model was proposed as a s t a t i s t i c a l  t h e o r y  o f  f r a c -  
t u r e  ( r e f .  10). These f l a w s  were  assumed t o  be c racks  whose s t r e n g t h  was 
dependent on t h e i r  s i z e  and o r i e n t a t i o n  ( r e f .  3 ) .  

B a t d o r f  assumed t h a t  these c racks  were u n i f o r m l y  d i s t r i b u t e d  and randomly 
o r i e n t e d  as shown i n  f i g u r e  1. The m a t e r i a l s  w i l l  f a i l  when t h e  e f f e c t i v e  
s t r e s s  on a c r a c k  reaches some c r i t i c a l  va lue  c h a r a c t e r i s t i c  o f  t h a t  
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particular crack. 
cerning the shape and the fracture criterion (ref. 4 ) .  

To determine the effective stress, assumptions are made con- 

I Two of the mixed-mode fracture criteria are the maximum tensile strength 
l and the strain-energy release rate. For this analysis, the strain-energy 

release rate criterion was selected because of its greater degree of shear- 
sensitivity. 

1 
The effective stress applied on a crack is given as 

2 2 2  
CI = u  + T  e n (1) 

for a Griffith crack, where 
of the crack and T is the shear parallel to it. A crack will fracture when 
the effective stress i s  greater than or equal to the critical stress. 

on is the macroscopic stress normal t o  the plane 

I COMPRESSIVE MODEL 

When the stress normal to the crack plane is compressive, the shear and 
the friction due to the normal stresses act against one another (ref. 1 )  

n 0 = - r  = ‘ t + p C I  e e ( 2 )  

where re is the effective shear on the crack and p is the internal friction 
coefficient o f  the material. ! 

I To determine the probability of failure, the material is divided into ele- 
ments. Within each element the stress state is assumed constant. Each element 
contains a number o f  cracks. The crack density N is material dependent and 
i s  defined as the number o f  cracks per unit volume having a critical stress 
greater than or equal to This function is determined by experiment using 
uniaxial data (ref. 6). The probability of failure for volume flaws is 

aCr. 

emax 0 
Pfv  = 1 - Psv = 1 - exp (-Jv dv [ 0 dacr 4n dotr ( 3 )  

where Q 
0 > a  Then the quantity W4n is the probability that the crack will lie e - cr’ 
within the angle since all orientations are considered equally likely. 
example of this angle is shown in figure 2 .  
find the probability of failure for surface cracks (ref. 5) 

is a solid angle containing all of the orientations for which 

An 
A similar approach is taken to 

dN emax s w PfA = 1 - PSA = 1 - exp (-JA dA ( 
r 

( 4 )  

where N, is the surface crack density function, A is the surface area, and 
w is the radian measure of the angular range in the positive o1 half-plane 
within which ae 2 ucr. 
the probability of survival for the volume times the surface survival, 

The total probability of survival, Ps,  is equal to 
i 

( PSVPSA) 

2 



The upper l i m i t  f o r  t h e  i n t e g r a t i o n  of 
uCr i s  t h e  maximum e f f e c t i v e  

Q or w i s  equal to  ze ro .  For t e n s i l e  emax ’ s t r e s s  uemax. When uCr > u 
s t r e s s  s t a t e s  t h e  maximum e f f e c t i v e  s t r e s s  i s  equal  to  t h e  maximum p r i n c i p a l  
s t r e s s .  For compressive s t r e s s  s t a t e s ,  t he  maximum e f f e c t l v e  s t r e s s  i s  depend- 
e n t  on t h e  s t r e s s  s t a t e  and t h e  i n t e r n a l  f r i c t i o n  c o e f f i c i e n t .  I f  ue < 0, t h e  
f r i c t i o n a l  f o r c e  a long  t h e  c r a c k  i s  g r e a t e r  than t h e  shear and t h e  c r a c k  i s  
locked.  Th is  phenomenon i s  t a k i n g  p l a c e  near  the  o r i e n t a t i o n  o f  minimum p r i n -  
c i p a l  s t r e s s  as i l l u s t r a t e d  i n  f i g u r e  2. 

SYSTEM RELIABILITY UNDER COMPRESSIVE LOADING 

B r i t t l e  m a t e r i a l s  w i t h  p r e - e x i s t i n g  c racks  may f r a c t u r e  when loaded i n  
t r i a x i a l  compression ( r e f .  2 ) .  The unequal p r i n c i p a l  compressive s t resses  gen- 
e r a t e  shear s t r e s s e s  which a c t  a g a i n s t  f r i c t i o n a l  forces,  i n i t i a t i n g  l o c a l  
c rack  growth.  S ince  t h e  e x i s t i n g  c racks  a re  m i c r o s c o p i c ,  a s i n g l e  c r a c k  does 
n o t  produce t o t a l  f a i l u r e  as i t  a lmost  always does i n  t e n s i o n .  T o t a l  f r a c t u r e  
occurs  i n  compression when seve ra l  o f  these c racks  ex tend  and j o i n  t o g e t h e r  
( s i n g l e  c rack  a r r e s t  i s  a p o s s i b i l i t y  under h i g h  compressive l o a d i n g ) .  To 
account  for t h e  m u l t i c r a c k i n g  phenomenon, the  m a t e r i a l  i s  modeled as a s e r i e s  
system r a t h e r  than  independent  elements as i n  t h e  weakest l i n k  t h e o r y .  
a r e  e s t a b l i s h e d  on t h e  p r o b a b i l i t y  o f  f a i l u r e  of t h e  s e r i e s  system u s i n g  the  
D i t l e v s e n  bounds ( r e f .  7 )  

L i m i t s  

k r i -1 

P, + max ) p i  - C p i j ,  o 
i =2 1 j = 1  

k k 

i =1 i = 2  j< i  

( 5 )  

where P i  i s  t h e  p r o b a b i l i t y  of f a i l u r e  of an i n d i v i d u a l  e lement ,  assembled i n  
dec reas ing  o r d e r ,  k i s  t h e  number of elements and P i j  i s  t h e  j o i n t  p r o b a b i l -  
i t y  o f  f a i l u r e  of t h e  elements i and j ,  which i s  f o r m u l a t e d  f o r  s i m p l i c i t y  
i n  f u n c t i o n  o f  t h e  sa fe ty  i n d i c e s  pi and p g i v e n  by 

j ’  

P i j  = Pipj + J, y(-Pi, - 0 . : ~ )  dz 
J 

where 

1 1 ( x 2  + y2 - 2xyp) 
2 ( 1 - p )  

1 y(x,y:p> = 

( 2 T f m )  

(6) 

(7) 

The sa fe ty  index  Pi = - + - ’ ( P i )  i s  a n o r m a l l y  d i s t r i b u t e d  f u n c t i o n  and p i s  
t h e  c o r r e l a t i o n  c o e f f i c i e n t  ( p  = 0 no c o r r e l a t i o n  and p = 1 f u l l y  c o r r e l a t e d ) .  
When p i s  equal t o  one, a k s e r i e s  system i s  modeled as one s i n g l e  element 
whose p r o b a b i l i t y  o f  f a i l u r e  i s  t h e  average o f  the  k e lements.  

3 



APPLICATION 

The volume c r a c k  d e n s i t y  f u n c t i o n ,  N i n  e q u a t i o n  ( 3 ) ,  i s  assumed to  be 
( r e f .  3)  

m N = kBocr 

m where kB and m a r e  m a t e r i a l  c o n s t a n t s .  A s i m i l a r  exp ress ion ,  NS = kBsocr, 

was used as t h e  s u r f a c e  c r a c k  d e n s i t y  f u n c t i o n  i n  e q u a t i o n  ( 4 ) .  These c r a c k  
d e n s i t y  f u n c t i o n s  were c a l c u l a t e d  based on compressive exper imen ta l  d a t a  o f  
a lumina ( r e f .  9 ) .  To determine t h e  c r a c k  d e n s i t y  f u n c t i o n  t h e  p r o b a b i l i t y  o f  
f a i l u r e  versus t h e  a b s o l u t e  v a l u e  of t h e  compressive s t r e n g t h  was p l o t t e d .  
r e s u l t i n g  cu rve  may be expressed ( r e f .  10) 

The 

P f = l -  exp - [cl.lm] ( 8 )  

where u i s  t h e  compressive s t r e n g t h  and C and m a r e  cons tan ts  determined 
by l i n e a r  r e g r e s s i o n .  The c o n s t a n t s  kB or kBs a r e  determined by e q u a t i n g  
t h e  exponent i n  e q u a t i o n  ( 8 )  to  t h e  one i n  e q u a t i o n  ( 3 )  or (41, r e s p e c t i v e l y ,  
for example 

k =  

B JV,gemax mDm-l c r  Q 4 n  ducr dv 

where m = 43.41, kB = 1 .482x105 GPa (m>o.069 and kBs = 3.177 GPa (m)o-046, 

The p reced ing  t h e o r y  was used t o  e v a l u a t e  t h e  p r o b a b i l i t y  o f  f a i l u r e  f o r  
an a lumina ceramic under c o n t a c t  s t r e s s  l o a d i n g  as shown i n  f i g u r e  3. A c l o s e d  
form s o l u t i o n  to  determine t h e  s t r e s s  d i s t r i b u t i o n  beneath t h e  c o n t a c t  r e g i o n  
was used ( r e f .  8 ) .  The p r o b a b i l i t y  o f  f a i l u r e  as a f u n c t i o n  o f  t h e  maximum 
c o n t a c t  p ressu re  i s  shown i n  f i g u r e  4 w i t h  p = 0.35.  

#hen t h e  elements a r e  n o t  c o r r e l a t e d  t h e  weakest l i n k  p r o b a b i l i t y  l i e s  
w i t h i n  t h e  D i t l e v s e n  bounds. However, when t h e  system i s  f u l l y  c o r r e l a t e d ,  
t h e  p r o b a b i l i t y  o f  f a i l u r e  i s  s u b s t a n t i a l l y  lower  than  t h e  weakest l i n k  model, 
for a g i v e n  load .  T h i s  i n d i c a t e s  t h a t  for t h e  whole system to  f a i l  under com- 
p r e s s i v e  l o a d i n g ,  more than  one element needs t o  f a i l .  An i n t e r m e d i a t e  c o r r e -  
l a t i o n  f u n c t i o n  was assumed p i j  = exp - ( r i j / d  - 1 )  where r i j  i s  t h e  d i s t a n c e  
between t h e  c e n t r o i d s  o f  two elements i and j and d i s  t h e  mesh s i z e .  
T h i s  c o r r e l a t i o n  i s  more r e a l i s t i c  because p i s  equal  t o  one fo r  two a d j a c e n t  
elements and decreases as t h e  d i s t a n c e  between elements i nc reases .  
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FIGURE 1. - RANWM CRACK DISTRIBUTION I N  BRITTLE MATERIALS. 
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THE CRACK MUST BE ORIENTED FOR FRACTURE TO OCCUR. 
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FIGURE 3.  - SCHEMATIC VIEW OF A CONTACT STRESS DISTRIBUTION ON A 
SEMI- I N F I N I T E  REGION. 
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CORRELATION COEFFICIENTS, ( P I .  
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